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Polarization of the C60 cage by the photoelectron, interior static polarization of C60 by
the ion-remainder and atomic-core relaxation in A@C60 photoionization
V. K. Dolmatov∗
Department of Physics and Earth Science, University of North Alabama, Florence, Alabama 35632, USA
Photoionization cross sections, σnℓ, photoelectron angular-asymmetry parameters, βnℓ, and pho-
toionization time delays, τnℓ, for endohedral atoms, A@C60, are studied with account for both the
individual and combined effects of dipole static polarization (DSP) of the C60 fullerene cage by
the outgoing photoelectron, interior static polarization (ISP) of C60 by the ion-remainder, A
+, and
atomic-core relaxation of the encapsulated atom upon its ionization. It is unraveled by the direct
calculations that the DSP effect is weak. It changes the phase of confinement-resonant oscillations
in σnℓ, βnℓ and τnℓ without generally noticeable changes in their magnitudes, unless σnℓ concen-
trates a relatively large part of oscillator strength of the continuum spectrum near threshold; then
and there, the changes can be noticeable. This is counter-intuitive in view of a large dipole static
polarizability of C60, α > 800 a.u.. Furthermore, it is demonstrated that the DSP effect results
in the transmission of a part of oscillator strength of the continuum spectrum of A@C60 into its
discrete spectrum. It is shown that the DSP effect is counteracted by ISP, thus getting partially
cancelled out by the latter. Possible reasons behind the made findings are provided. Photoionization
of Xe@C60, Ne@C60, H@C60 and some hypothetical C
−
60 fullerene anions is chosen as a case study.
For Xe@C60, the role of atomic-core relaxation of the ionized encapsuled Xe
+-ion-remainder on the
4d photoionization of Xe@C60 is explored and detailed, and is revealed to be of utter significance, as
in the known case of free Xe. The study is performed in the frameworks of both the random phase
approximation with exchange (RPAE) and generalized RPAE (GRPAE), when needed. The C60
cage is modelled by a spherical attractive potential of a certain inner radius, thickness and depth.
Its dipole static polarization potential is approximated by the Bates dipole static potential.
I. INTRODUCTION
Photoionization of atoms, A, encapsulated inside a C60
fullerene – the A@C60 endohedral atoms – has been a
topic of many studies by theory (see, e.g., Refs. [1–27],
and references therein) and, since recently, experiment
[27, 28]. One of the fascinating features of A@C60 pho-
toionization is the existence of resonances termed the
confinement resonances, that occur due to the interfer-
ence of the photoelectron waves emerging directly from
the encapsulated (confined) atom and those scattered off
the C60 confining cage. Their existence has recently been
confirmed experimentally [27, 28].
Many of theoretical results on this topic have been ob-
tained in the framework of a model potential where the
C60 carbon cage is modelled by a Dirac δ-like potential
[2, 7, 8] (and references therein), or a UC(r) spherical at-
tractive potential of a certain inner radius, thickness and
depth [9–14, 17, 18, 21, 24–27], or Woods-Saxon potential
[15, 16, 26], or other potentials [3]. However, all of these
studies have overlooked to account for polarization of C60
by the outgoing photoelectron (to be referred to as “α-
polarization”, α being dipole static polarizabity). Mean-
while, it has recently been found [29] that α-polarization
of C60 has a drastic impact on electron scattering both
off empty C60 and A@C60, resulting not only in quan-
titative changes of corresponding scattering phases and
cross sections, but in their qualitative changes as well,
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e.g., bringing Ramsauera-type minima in the scattering
cross sections. Now, upon photoionization of A@C60, the
outgoing photoelectron, too, scatters off the C60 cage on
its way out of A@C60. Hence, photoionization of A@C60
depends on polarizability of C60 as well, somehow. But...
how? Our study provides the insight into this problem.
We choose the 4d photoionization of Xe@C60, 2p pho-
toionization of Ne@C60, 1s photoionization of H@C60 and
photodetachment of hypothetical C−60(2p) and C
−
60(3d)
fullerene anions as case studies, and calculate correspond-
ing photoionization cross sections, σnℓ, dipole angular
asymmetry parameters, βnℓ, and photoionization time
delay [32], τnℓ, both with and without account for the
α-polarization impact on the photoionization process.
Furthermore, we also explore and detail the impacts of
other effects on the photoionization process. One of them
is termed “interior static polarization” of C60 [13]. This
is the effect of static polarization of the C60 fullerene cage
caused not by an outgoing photoelectron but by the A+
ion-remainder in response to photoionization of A@C60.
This effect depends on some parameter ζ, thus suggest-
ing the name “the ζ-polarization effect” which (the name)
will be used throughout the paper. The other effect is the
correlation-related impact of atomic-core relaxation of
the encapsulated ion-remainder, A+, upon A@C60 pho-
toionization. Atomic-core relaxation is known to be de-
cisive for the formation of 4d photoionization of free Xe
[30]. However, how this correlation-related relaxation ef-
fect will be developing in Xe@C60 is not a priory certain,
since correlation may work quite differently in endohedral
atoms compared to free atoms [9].
To account for electron correlation in photoionization
2of Xe@C60, we utilize both the random phase approx-
imation with exchange (RPAE) and generalized RPAE
(GRPAE) [30]. GRPAE not only accounts for electron
correlation, as RPAE, but, as well, includes the effect
of atomic-core relaxation as the photoelectron leaves the
atom. The overall agrement between the calculated GR-
PAE σ4d of Xe@C60 and experiment [27] is found to be
good, in contrast to calculated RPAE σ4d. This reveals
the importance of the effect of atomic-core relaxation not
only in free Xe but in Xe@C60 photoionization as well –
a particular effect which remains to be due to the speci-
ficity of Xe.
In order to elucidate the impacts of the presence of
the C60-cage environment and its polarization by the
photoelectron and/or by the A+ ion-remainder on the
A@C60 photoionization process, we approximate the re-
sultant C60 potential, “felt” by the outgoing photoelec-
tron, as the sum of the UC(r) spherical potential, the
Bates static polarization potential, Vα [31], that depends
on the dipole static polarizability, α, of C60 and the
Vζ potential caused by interior static polarization [13].
These potentials are added to the Hartree-Fock (HF)
atomic potential of the encapsulated atom in order to
account for the C60 polarizable environment.
Speaking about Xe@C60, a surprising result of the
study is that the impact of polarization of C60 by the out-
going photoelectron (the α-polarization impact) on σ4d,
β4d and τ4d of Xe@C60 is found to be relatively weak
despite of a large value of C60’s α = 850 a.u. [33]. Cor-
responding calculated data for Xe@C60, obtained both
with and without account for Vα (i.e., with and with-
out account for α-polarization), do not differ significantly
from each other; the corresponding confinement resonant
oscillations are shifted by about 2 eV towards threshold
(i.e., their phase is changed) when α-polarization of C60 is
taken into account in the calculation. Without strong ex-
aggeration, one may say that the graphs for σ4d, β4d and
τ4d appear to be shifted, practically as a whole, towards
threshold, and their parts, that go beyond threshold, are
simply cut off the rest part of each graph. It is in this
sense that we will refer to this situation as the shift of
σnℓ, βnℓ and τnℓ towards threshold.
Speaking about Ne@C60 and H@C60, the same energy
shift, due to α-polarization, is found to take place for
their photoionization spectra as well. However, in con-
trast to Xe@C60, the α-polarization effect causes notice-
able changes in β2p of Ne@C60, near threshold, and in
σ1s of H@C60, near threshold; reasons will be provided
later in the paper. Here, we only point out that, based
on those reasons, it is our current understanding that the
α-polarization effect is important if the photoionization
cross section contains a relatively large part of oscilla-
tor strength of the continuum spectrum near threshold,
within a narrow photon energy region of about 2 eV start-
ing from threshold; then and there, the α-polarization
impact on near-threshold photoionization should be no-
ticeable.
Furthermore, it is uncovered that the effect of inte-
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FIG. 1. Feynman-Goldstone diagrammatic representation of
the RPAE equation for the photoionization amplitude 〈k|Dˆ|i〉
of the i ’th subshell into the k ’th final state. Here, the time
axis is directed from the left to right, the lines with arrows to
the left (right) correspond to holes (electrons) in the atom, a
dotted line represents an incoming photon, a dashed line rep-
resents the Coulomb interaction V (r) between charged parti-
cles, and a shaded circle marks the effective operator Dˆ for
the photon-atom interaction which accounts for electron cor-
relation in the atom.
rior static polarization of C60 (the ζ-polarization effect)
noticeably counter-acts the α-polarization effect. As a
result, when both effects are accounted in the calcula-
tion of A@C60 photoionization, the resultant spectrum
differs only relatively insignificantly from the spectrum
calculated without account for both polarization effects
altogether, i.e., the entire polarization effect can be ig-
nored, to a good approximation, unless one focuses on
near-threshold σnℓ, βnℓ and τnℓ.
Atomic units (a.u.) are used throughout the paper un-
less stated otherwise.
II. REVIEW OF THEORY, RESULTS AND
DISCUSSION
A. Basic formulas
To calculate photoionization quantities of A@C60, we
utilize the RPAE and GRPAE theories [30].
Let us first comment on RPAE and GRPAE with re-
gard to a free atom.
RPAE [30] uses the Hartree-Fock (HF) basis as the
zeroth-order basis (the vacuum state) and accounts
for electron correlation in photoionization amplitudes,
Dnℓ→ℓ±1, by summing up a certain infinite series
of Feynman-Goldstone many-body diagrams, depicted
graphically in Fig. 1. There, diagrams (c)–(f) represent
RPAE corrections to the HF photoionization amplitude
〈k|dˆ|i〉 ≡ dik [diagram (b)]. The analytical expression for
the RPAE equation is cumbersome; we refer the reader
to Ref. [30] for details.
The RPAE photoionization cross section, σnℓ, of a
nℓ2ℓ+1 subshell of the atom and corresponding βnℓ
angular-asymmetry parameter are determined by known
3formulas, see, e.g., Ref. [30]:
σnℓ =
4π2αNnℓ
3(2ℓ+ 1)
ω
[
ℓ|Dℓ−1|
2 + (ℓ + 1)|Dℓ+1|
2
]
, (1)
and we recast βnℓ(ω) as
βnℓ =
ℓ(ℓ− 1)ρ2 − 6ℓ(ℓ+ 1)ρ cosΦ + (ℓ+ 1)(ℓ+ 2)
(2ℓ+ 1)(ρ2ℓ+ ℓ+ 1)
,(2)
where
ρ =
|Dℓ−1|
|Dℓ+1|
, Φ = δℓ+1 − δℓ−1. (3)
In the above equations, ω is the photon energy, Nnℓ
is the number of electrons in a nℓ subshell, α is the
fine-structure constant, Dℓ±1 are radial parts of reduced
dipole photoionization amplitudes (which are complex in
the RPAE theory) and δℓ±1 are phases of theDℓ±1 ampli-
tudes. Note that the quantities σnℓ, βnℓ, Dℓ±1, ρ, δl±1,
and Φ all depend on photon energy ω; the explicit de-
pendence is omitted in the above equations for reasons
of simplicity.
RPAE utilizes the excited atomic states calculated in
the field of the frozen atomic core with a whole in the
ionized subshell nℓ. RPAE, thus, neglects the effects
of rearrangement (relaxation) of the atomic core while
the outgoing photoelectron leaves the atom. In some
cases, like the 4d photoionization of Xe, the effect of
relaxation of the atomic-core on nℓ photoionization is
known to be crucial [30]. This effect is well accounted
for by generalized RPAE, i.e., GRPAE. GRPAE differs
from RPAE in that the wavefunction of an outgoing pho-
toelectron, to be used in GRPAE, is calculated not in
the field of a frozen ion-remainder A+, but in the self-
consistent field of the completely rearranged (relaxed)
ion. In the case of the 4d photoionization of Xe, the
impact of the relaxed Xe+(...4d9...) ion on the photoion-
ization process is of utter importance and results in a
good agreement between calculated GRPAE and experi-
mental 4d-photoionization cross section and β4d angular-
asymmetry parameter for free Xe [30]. However, as was
pointed above, how this correlation-related relaxation
effect will develop in Xe@C60 is not a priory certain,
since correlation may work quite differently in endohe-
dral atoms compared to free atoms [9].
We now briefly outline the key points of the Eisenburg-
Wigner photoionization time delay concept which is the
subject of our study as well. Similar to the Eisenburg-
Wigner theory for time delay in electron scattering [34],
time delay in the photoionization of a niℓi subshell of the
atom is known to be determined by a derivative of the
phase ϕ(E) of corresponding photoionization amplitude
Dniℓi = |Dniℓi | e
iϕ(E):
ϕ(E) = arg[Dniℓi(E)], τniℓi =
dϕ(E)
dE
. (4)
For a photoionization amplitude, Dniℓi , of a niℓi-state,
which accounts for both niℓi → ǫ(ℓi ± 1) dipole transi-
tions, one has [35]:
Dniℓi(E) ∝
∑
ℓ=ℓi±1
m=mi
eiδli−lYlm(kˆ) (−1)
m
(
ℓ 1 ℓi
−m 0 mi
)
× 〈Eℓ‖D‖niℓi〉. (5)
Here, kˆ is a unit vector in the direction of the photo-
electron momentum k, δℓ(E) is the phase shift of the ℓth
outgoing photoelectron wave, and 〈Eℓ‖D‖niℓi〉 is the re-
duced dipole matrix element which is the solution of the
RPAE equation, Fig. 1. In the present work, Dniℓi(E) is
evaluated in the forward direction k‖zˆ.
To apply the above formulas to photoionization of
A@C60, we need to determine the ground-state and ex-
cited states of the atom encapsulated inside C60. We do
it following the strategy developed in numerous previous
works, see, e.g., Refs. [9–14, 17, 18, 21, 24–27].
First, we model the C60 cage by a UC(r) spherical po-
tential:
UC(r) =
{
−U0, if r0 ≤ r ≤ r0 +∆
0 otherwise.
(6)
Here, r0, ∆, and U0 are the inner radius, thickness, and
depth of the potential well, respectively.
Second, if the encapsulated atom, A, is compact, the
atom A and C60 can be regarded as independent enti-
ties. Then, to calculate the ground-state of such endo-
hedral atom, we simply add the UC cage potential to
the Hartree-Fock (HF) of the encapsulated atom, thereby
producing the “endohedral” HF equations:
[
−
∆
2
−
Z
r
+ Uc(r)
]
ψi(x) +
Z∑
j=1
∫
ψ∗j (x
′)
|x− x′|
×[ψj(x
′)ψi(x)− ψi(x
′)ψj(x)]dx
′ = ǫiψi(x). (7)
Here, ψnℓmℓms(r, σ) = r
−1Pnl(r)Ylmℓ (θ, φ)χms(σ) are
the electronic wavefunctions, ǫnl are electronic energies,
(n, ℓ, mℓ and ms is the standard set of quantum num-
bers of an electron in a central field, σ is the electron spin
coordinate). Once the ground-state wavefunctions of A
are determined, let us assign them a subscript j, they are
plugged back into the equation to determine the excited-
state wavefunctions, ψi(x) (we assign a subscript i to
them). This procedure, employed in all previous stud-
ies cited above, actually, defines the wavefunction of an
outgoing photoelectron without account for the effect of
polarization of C60 by the photoelectron itself.
To account for the α-polarization effect in question, let
us build a UCα(r) potential of a polarized C60, “felt” by
a photoelectron, as the sum of the UC(r) cage potential
and the Bates static dipole polarization potential [31],
Vα(r), as in Refs. [29, 36]:
UCα(r) = UC(r) + Vα(r), (8)
where
Vα(r) = −
α
2(r2 + b2)2
. (9)
4Here, α is the static dipole polarizability of C60 (α ≈ 850
a.u. [33]) and b is generally a free parameter of the or-
der of the fullerene size, b ≈ 8 a.u. (in Appendix A, we
investigate the dependence of electron scattering off C60
and photoionization of A@C60 on the b parameter and
demonstrate that the choice of b ≈ 8 a.u. is well accept-
able). The Vα(r) potential accounts explicitly for a static
dipole polarization potential at large distances from the
target but implicitly for some electron correlation and
other multipolar excitations at smaller distances. The
ψi(x) wavefunction of the i’s outgoing electron is then
obtained from Eq. (7) where, now, the UC(r) cage po-
tential is replaced by a more complete UCα(r) potential.
Let us see, before proceeding to further development
of theory in this paper, whether approximating the po-
tential of a polarizable C60 by Eqs. (8) and (9) is a viable
approximation at all. To reach the goal, let us calculate
the angle-differential elastic scattering cross section for
e + C60 collision,
dσ
dΩ :
dσ
dΩ
=
1
k2
∞∑
ℓ,ℓ′=0
(2ℓ+ 1)(2ℓ′ + 1) sin δℓ sin δℓ′
× cos(δℓ − δℓ′)Pℓ(cos θ)Pℓ′(cos θ). (10)
Here, θ and Ω are the scattering angle and solid angle,
respectively, Pℓ(cos θ) is the Legendre polynomial of the
ℓth order. In the calculation, let us use the UC potential,
Eq. (8), and compare the thus obtained calculated data
with the available experimental results [37] and results
of a non-empirical theory [38]. In addition let use two
different sets of the adjustable parameters r0, ∆ and U0
for the UCα cage potential, Eq. (6). One of the two sets
of the parameters, the “set1”, is r
(1)
0 ≈ 5.8, ∆
(1) ≈ 1.9,
U
(1)
0 = 0.302 a.u., as in, e.g., Refs. [12, 18] and refer-
ences therein, the other one, the “set2”, is r
(2)
0 ≈ 5.26,
∆(2) ≈ 2.91, U
(2)
0 = 0.260 a.u., as in, e.g., Refs. [29, 39]
and references therein. Corresponding calculated data
are depicted in Figs. 2 and 3.
A surprising results is that the simple model utilized in
the present work provides a reasonable agreement with
experiment [37] [even without account for polarizabil-
ity of C60 (α = 0), except for angles θ = 30 and 70
o,
Fig. 2]. The account for C60 polarizability, Fig. 3, cor-
rects the situation considerably, making the agreement
between the present theory and experiment be very rea-
sonable; the agreement, the author dares to state, is, in
the whole, even somewhat better than that between the
non-empirical theory [38] and experiment. One would
have been too naive to have expected more from the uti-
lized simple modelling of C60, and yet its viability is ob-
vious. As for the comparison of results, obtained with
the use of the parameter-set1 and parameter-set2 (r0, U0
and ∆), it is difficult to give an unambiguous preference
to the one over the other; both lead to about the same
agreement with experiment, although it looks to the au-
thor that the choice of the parameter-set1 produces the
lowest-energy structures in dσ
dΩ , the traces of which are
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FIG. 2. The e + C60 angle-differential elastic scattering cross
section, dσ
dΩ
, at given scattering angles θ = 30, 70, 80 and
90o. Solid and dashed lines, results of the present calcula-
tion carried out without account for polarizability of C60 with
the use of two sets of the adjustable parameters: r
(1)
0 ≈ 5.8,
∆(1) ≈ 1.9 and U
(1)
0 = 0.302 a.u. (referred to as the “set1”,
solid line) and r
(2)
0 ≈ 5.26, ∆
(2) ≈ 2.91 and U
(2)
0 = 0.260
a.u. (referred to as the “set2”, dashed line); 32 partial elec-
tronic waves with the orbital momentum ℓ up to ℓ = 31 were
accounted in the calculation. Solid squares, experiment [37].
seen in experiment, whereas the parameter-set2 does not.
At any rate, the discussed calculated results prove the
applicability of the UCα potential, Eq. (8), to tackling a
problem of polarizable C60. Note that, obviously, by a
fine-tuning of the parameters r0, U0 and ∆, as well the
polarization parameters α and b, one can achieve a yet
better agreement between theory and experiment than
the present one.
To let the reader get a better feeling about the differ-
ence between a static (“frozen”, α = 0) and polarizable
(α 6= 0) C60 fullerene cage, in Fig. 4 depicted are the
e + C60 elastic total scattering cross sections calculated
with and without account for polarizability of C60 in the
above developed approximations. One can see that the
effects of C60 polarization alter the scattering cross sec-
tion considerably; this was previously noted in work [36]
as well (there, the present author thinks, those authors
mistyped the unit of measurement of the potential depth
U0 stating it as U0 = 0.52 a.u. rather than U0 = 0.52 Ry
as it should have been).
Lets us return back to the main topic of the paper
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FIG. 3. The e + C60 angle-differential elastic scattering cross
section, dσ
dΩ
, at given scattering angles θ = 30, 70, 80 and
90 degrees. Solid and dashed lines, results of the present
calculation carried out with account for polarizability of C60
(α = 850, b = 8 a.u.) with the use of the set1 and set2 of
the parameters: r
(1)
0 ≈ 5.8, ∆
(1) ≈ 1.9 and U
(1)
0 = 0.302 a.u.
(solid line) and r
(2)
0 ≈ 5.26, ∆
(2) ≈ 2.91 and U
(2)
0 = 0.260 a.u.
(dashed line), respectively; 32 partial electronic waves with ℓ
up to ℓ = 31 were accounted in the calculation. Solid squares,
experiment [37]. Solid circles, results of the non-empirical
theory [38].
– photoionization of A@C60 – and let us build a yet
more complete potential of C60 felt by the outgoing pho-
toelectron by accounting for the effect termed “interior
static polarization of C60” (“ζ-polarization”) [13]. The
quintessence of the effect is that the ion-remainder, A+,
once the photoionization has taken place and the pho-
toelectron is produced, polarizes the C60 cage much in
the same manner as if it were a conducting shell. This
makes the potential “felt” by the outgoing photoelectron
be different from UC or UCα both within the wall of the
C60 cage itself (r0 < r < r0 +∆) and in the hollow inte-
rior of C60, r < r0. In a sense, the effect of the interior
static polarization of C60 by a vacancy in the endohe-
dral atom is equivalent to the above discussed relaxation
of the atomic core in response to photoionization of the
atom. The interior static polarization of the C60 cage
by the ion-remainder A+ results in the emergence of an
additional potential, Vζ(r), that acts on a photoelectron,
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FIG. 4. e + C60 total elastic scattering cross section cal-
culated with and without account for polarizability of C60.
Solid line (dashed line) - results obtained with the use of the
parameter-set1 (parameter-set2) in the calculation, respec-
tively; 32 partial electronic waves, with the orbital momentum
ℓ up to ℓ = 31, were accounted in the calculation.
approximated as [13]:
Vζ(r) =


ζ
r0
− ζ
r0+∆
, if r < r0
ζ
r
− ζ
r0+∆
, if r0 < r < r0 +∆
0 otherwise.
(11)
Here, ζ = 0 or 1 if the static polarization is ignored or
accounted, respectively, and the first and second terms in
the upper line of this equation are the constant static po-
tentials in the inner region due to the negatively charged
inner and positively charged outer surfaces of the C60
cage caused by A+, respectively.
In order to calculate the ψi(x) photoelectron wavefunc-
tion with account for both interior static polarization of
C60 by A
+ and polarization of C60 by a photoelectron,
we replace the UC potential in Eq. (7) by a new potential,
UCαζ , which is the sum of all three potentials above:
UCαζ(r) = UC + Vα + Vζ . (12)
Alternatively, in order to calculate the ψi(x) photo-
electron wavefunction with account for interior static
polarization of C60 alone (i.e., ignoring polarization of
C60 by a photoelectron), we replace the UC potential in
Eq. (7) by the potential UCζ which is the sum of only
two potentials:
UCζ(r) = UC + Vζ . (13)
In the present work, we investigate A@C60 photoion-
ization with account for each of the above defined ap-
proximations separately as well as cumulatively in order
to elucidate their importance in the aim of the present
study.
6III. RESULTS AND DISCUSSION
A. Photoionization cross sections of A@C60
We start from the study of the importance of atomic
relaxation in addition to the impact of the UC cage po-
tential on 4d photoionization of Xe@C60. This means
that we employ GRPAE theory, i.e., we first calcu-
late the ground-state wavefunctions, P+grnjℓj (r), of the
Xe+(...4d9...)@C60 ion with the help of Eq. (7) where
only the UC cage potential is retained. Then, we solve
this equation for the wavefunctions of the excited states,
P+
n′
j
ℓ′=f(r) and P
+
n′
j
ℓ=p(r), in the self-consistent field of the
Xe+@C60 ion. These excited functions are then plugged
into the RPAE equation, Fig. 1, thereby determining the
photoionization amplitudes, cross sections, etc, in the
GRPAE approximation (with account for atomic relax-
ation). We also calculate these photoionization quan-
tities in the RPAE approximation, as in Ref. [10], i.e.,
with the use of the excited wavefunctions, Pn′
j
f(r) and
Pn′
j
p(r), calculated in the field of the frozen atomic core
whose wavefunctions are the same as in the neutral atom,
Xe@C60. The comparison between calculated RPAE and
GRPAE results will let us to elucidate the role of atomic-
core relation of endohedral Xe, Xe@C60. In addition we
use two sets of the adjustable parameters r0, ∆ and U0
for the UC cage potential, Eq. (6). One of the two sets of
the parameter is r
(1)
0 ≈ 5.8, ∆
(1) ≈ 1.9, U
(1)
0 = 0.302 a.u.,
as in, e.g., Refs. [12, 18] and references therein, the other
one is r
(2)
0 ≈ 5.26, ∆
(2) ≈ 2.91, U
(2)
0 = 0.260 a.u., e.g.,
Refs. [29, 39] and references therein. Now that, finally,
reliable experimental data for Xe@C60 photoionization
[27] are available, we can decisively determine which of
the two sets of parameters suits best for the description
of A@C60 photoionization.
Correspondingly calculated RPAE and GRPAE data
for the 4d photoionization cross sections of Xe@C60
(σRPAE4d and σ
GRPAE
4d , respectively) are plotted in Fig. 5.
The emerging energy-dependent oscillatory structures
in σ4d, like, e.g., the resonant oscillation near 80 eV,
are the confinement resonances [10] brought about by
the presence of the C60 confinement. One can conclude
from Fig. 5 that the best agreement with experiment is
produced by the GRPAE(1) calculation, i.e., both with
account for atomic relaxation of Xe@C60 and the use of
the set of r
(1)
0 ≈ 5.8, ∆
(1) ≈ 1.9 and U
(1)
0 = 0.302 a.u.
in the calculation. Hence, the atomic relaxation effect is
as important in Xe@C60 photoionization as in photoion-
ization of free Xe [30]. As was noted elsewhere above,
this fact was not a priory certain, since the C60 confine-
ment may make correlation to work differently, even in
the opposite way compared to free atom [9]. We, there-
fore, will discard RPAE calculations from further studies
of Xe@C60 in the present paper. We also discard the use
of the set of r
(2)
0 , ∆
(2) and U
(2)
0 from this study, since
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FIG. 5. The σ4d photoionization cross section of Xe@C60 cal-
culated in RPAE (utilizes r
(1)
0 ≈ 5.8, ∆
(1) ≈ 1.9 and U
(1)
0 =
0.302 a.u., dashed-dotted line), GRPAE(1) (utilizes r
(1)
0 , ∆
(1)
and U
(1)
0 , solid line) and GRPAE
(2) (utilizes r
(2)
0 ≈ 5.26,
∆(2) ≈ 2.91 and U
(2)
0 = 0.260 a.u., dashed line). Neither
of these calculated data accounted for any of the polarization
effects of C60 (see text). Open circles, experiment [27].
the GRPAE(1) (to be referred to as GRPAE throughout
the rest of the paper) calculation produces better results
than the GRPAE(2) calculation.
A fascinating results of the present GRPAE calcula-
tion is that calculated σGRPAE4d is in a strikingly good
agreement with experiment, except for, and yet reason-
able agreement, at the very top of σGRPAE4d ; this proves
the viability of the simple model utilized in the present
study.
The above found agreement between theory and ex-
periment brings in a question of whether the account of
the impact of polarization of C60 by an outgoing pho-
toelectron (α-polarization) and/or the effect of interior
polarization of C60 by Xe
+ (ζ-polarization) will improve
or worsen the GRPAE data. We sought for the answer to
this question by carrying out a step by a step study, i.e.,
by performing GRPAE calculations in three different ap-
proximations where the C60 potential was approximated
first by the UCα, then by UCζ and, finally, by UCαζ poten-
tials, Eqs. (8), (13) and (12), respectively. Correspond-
ing GRPAE calculations will be labelled as GRPAEα,
GRPAEζ and GRPAEαζ , respectively, and calculated
photoionization cross sections will be labelled accordingly
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FIG. 6. The σ4d photoionization cross section of Xe@C60
calculated in various approximations. Dash-dot, GRPAE.
Dash, GRPAEα (with account for polarization of C60 by a
photoelectron, only). Dash-dot-dot, GRPAEζ (with account
for interior static polarization of C60 by Xe
+, only). Solid,
GRPAEαζ (with account for both polarization of C60 by a
photoelectron and interior static polarization of C60 by Xe
+).
Open circles, experiment [27].
as well. Calculated results, obtained in the framework of
these different approximations, are depicted in Fig. 6.
Calculated σGRPAEα4d is plotted in Fig. 6 as a dashed
line. Surprisingly, in contradiction to the expectation,
based on a large value of the dipole static polarizability of
C60, the impact of polarization of C60 by a photoelectron
on the cross section appears to be relatively weak. In-
deed, σGRPAEα4d differs from σ
GRPAE
4d (dashed-dotted line)
primarily by being, as it were, shifted by mere 2 eV to-
wards lower photon energies without practically chang-
ing its overall magnitude (a part of the cross section that
“moved” beyond the 4d threshold is, naturally, cut off
the rest of the cross section). In the calculation, we used
b = 8 for the calculation of the polarization potential,
Vα. In Appendix B, we investigate the dependence of
the cross section on various values of the b-parameter
and show that b = 8 is a reasonable choice.
Let us focus the attention of the reader on that fact
that the agreement between σGRPAEα4d and experiment
is as good as (maybe a bit better than) the agreement
between experiment and σGRPAE4d calculated without ac-
count for the polarization effect.
Calculated σ
GRPAEζ
4d is plotted in Fig. 6 as a dashed-
dotted-dotted line. One can see that the ζ-polarization
effect “shifts” (or “stretches”) the photoionization cross
section towards higher photon energies (but the start-
ing point for the cross section remains pinned to the
threshold energy), i.e., in the opposite direction relative
to the α-polarization effect. However, the impact of ζ-
polarization on the photoionization cross section appears
to be about the same as the α-polarization effect, i.e.,
weak. Yet, compared to σ
GRPAEζ
4d , it is σ
GRPAEα
4d that is
in a somewhat better agreement with experiment.
Calculated resultant σ
GRPAEαζ
4d is plotted in Fig. 6 as a
solid line. It looks like σ
GRPAEαζ
4d is in the best agreement
(albeit only slightly better) with experiment compared to
calculated σGRPAE4d , σ
GRPAEα
4d and σ
GRPAEζ
4d . In principle,
the entire polarization effect can be safely ignored, since
σ
GRPAEαζ
4d does not differ any significantly from σ
GRPAE
4d .
The atomic-core relaxation effect, however, is clearly im-
portant and cannot be discarded in the study of the 4d
photoionization cross section of Xe@C60.
Let us try to understand why is it that polarization
of C60 by the outgoing photoelectron has only little im-
pact on Xe@C60 photoionization, in particular, and could
it be the same for other A@C60 atoms, in general? In
our opinion there are two or several reasons why the α-
polarization impact on A@C60 photoionization is not so
strong as its impact on electron scattering off empty C60,
Figs. 3 and 4.
One of the reasons is associated with the big size of
C60 itself. The large radius of C60 (≈ 8 a.u.) makes the
free b parameter in the Vα potential, Eq. (9), be large
as well, b ≈ 8 a.u.. This large value of b makes up for
the large value of α = 850 a.u., since the denominator of
the Vα polarization potential, Eq. (9), holds b
4, so that
α
b4
is ≈ 0.2, only. In free Xe, e.g., whose averaged radius
and, thus, b is about 2.34 a.u. and polarizability α ≈ 27
a.u. [40], the ratio α
b4
≈ 0.9 (versus of only 0.2 for C60).
Clearly, the large value of b for C60 should lessen the
role of the α-polarization potential of C60 compared to
the ionic potential of A+ in the ionized A@C60, thereby
making the role of the former in A@C60 photoioniza-
tion relatively insignificant, on the whole. Let us check
out this reasoning by considering a hypothetical situation
when the Xe atom is surrounded only by the Vα static
polarization potential, Eq. (9). Correspondingly calcu-
lated GRPAE 4d photoionization cross section of such
hypothetical Xe is plotted in Fig. 7 versus the calculated
GRPAE cross section of free Xe.
One can see from Fig. 7 than even though polarizability
of Xe (αXe = 27 a.u.) is much smaller than polarizability
of C60 (α = 850 a.u.), its impact on photoionization of
the hypothetical Xe@Vα atom is noticeably greater than
the α-polarization impact on photoionization of Xe@C60.
This is owing to the small b ≈ 2.34 a.u. cut-off param-
eter for Xe@Vα. Indeed, e.g., the maximum of σ
Xe@Vα
4d
is shifted by about 12 eV towards lower photon ener-
gies compared to the position of the maximum in σXe4d of
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FIG. 7. The calculated GRPAE σXe4d photoionization cross
section of free Xe (dashed line) versus the GRPAE σXe@Vα4d
photoionization cross section of a hypothetical Xe@Vα atom,
i.e., Xe surrounded by the Bates polarization potential, Vα,
Eq. (9), with α being the dipole polarizability of free Xe,
α = 27 a.u., and b = r4d ≈ 2.34 a.u. [40].
free Xe. This α-polarization shift exceeds considerably
the mere 2-eV α-polarization shift of σGRPAEα4d compared
“unpolarized” σGRPAE4d . In addition, σ
Xe@Vα
4d is, overall,
noticeably different from σXe4d , in contrast to the differ-
ences in the cross sections of Xe@C60 calculated with
and without account for α.
Let us explore how different are at least the direct
parts of the HF potentials, felt by a ǫℓ photoelectron,
due to Xe@C60 photoionization, calculated (a) without
account for both α- and ζ-polarization, Wǫℓ,00, (b) with
account for α-polarization alone,Wǫℓ,α0, and, (c) with ac-
count for both α-polarization and ζ-polarization,Wǫℓ,αζ .
Corresponding potentials, calculated for the ǫf and ǫp
photoelectrons due to 4d photoionization of Xe@C60 are
plotted in Fig. 8.
One can see form Fig. 8 that, indeed the account of
only polarization of C60 by the outgoing photoelectron
does not make the final direct potential, Wǫℓ,α0 (dashed
line), be noticeably different from the effective direct po-
tential calculated without account for any polarization
of C60, Wǫℓ,00 (dashed-dotted line). Moreover, when
both the dipole α-polarization and ζ-polarization are ac-
counted for together, the Wǫℓ,αζ final potential (solid
line) differs only tiny from Wǫℓ,00 (dashed-dotted line).
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FIG. 8. Calculated direct parts of the HF potentials felt by
the ǫf and ǫp photoelectrons ejected from Xe@C60 upon 4d
photoionization, calculated (a) without account for both α-
polarization and ζ-polarization of C60, Wǫℓ,00, (b) with ac-
count for only α-polarization of C60, Wǫℓ,α0 and, (c), with
account for both α-polarization and ζ-polarization of C60,
Wǫℓ,αζ .
This is one of reasons why the polarization impact, espe-
cially the combined polarization impact, on the 4d pho-
toionization cross section of Xe@C60 results in only a
weak alteration of the latter (compared to when the en-
tire polarization impact is ignored).
Another reason for a weak polarization impact on the
4d photoionization cross section of Xe@C60 could be as
follows. As was shown above, the polarization impact
results in only a few-eV, about 2-eV, “shift” of the cross
section towards lower photon energies. This results in the
part of the cross section, that “moved” beyond threshold,
being cut off the rest part of the cross section. Hence, if
a near-threshold part of the photoionization cross section
(a) is large and (b) contains a large part of the total oscil-
lator strength of the continuum spectrum within about 2
eV starting from threshold, then the polarization-induced
“shift” of the cross section to lower energies may affect
the cross section noticeably, particularly near threshold.
Otherwise, the polarization impact on the cross section
should be weak. This reasoning is fully supported by
calculated data for the 4d cross section of Xe@C60, ob-
tained with account for α-polarization, or ζ-polarization,
or both α- and ζ-polarization of C60.
Let us explore the above-made statement by carrying
out calculations for other A@C60 endohedral atoms but
Xe@C60. Namely, let us choose the 2p photoionization of
Ne@C60 (whose 2p photoionization cross section is small
9at threshold [13]) and H@C60 (whose 1s photoionization
cross section is relatively large and changes rapidly near
threshold [3, 15]).
Let us start our discussion from the case of Ne@C60.
Since core-relaxation of Ne upon photoionization is
known to be unimportant to the process of photoion-
ization, we will discard it in our calculations as well,
i.e., the calculations will be carried out in RPAE rather
than in GRPAE used in the case of Xe@C60. Further-
more, like in the case of Xe@C60, let us perform a series
of calculations: (a) without account for α-polarization
of C60 (to be labelled as RPAE), (b) with account for
α-polarization alone (RPAEα), (c) with account for ζ-
polarization alone (RPAEζ) and, (d) with account for
both α- and ζ-polarization of Ne@C60 (RPAEαζ). Cor-
responding calculated data for the σ2p photoionization
cross section of Ne@C60 are depicted in Fig. 9 along with
the calculated direct parts of the HF potential felt by the
ǫd and ǫs photoelectrons.
The situation is generally the same as for Xe@C60.
For σ2p, calculated σ
RPAEα
2p is seen to be “shifted” by the
effect of α-polarization of C60 towards threshold without
a significant change in its magnitude compared to RPAE
σRPAE2p . In contrast, the account of ζ-polarization of C60
by Ne+ results in σRPAEζ2p being “shifted” (“stretched”)
by about 1 eV to higher photon energies, but, again,
without a significant change in its magnitude compared
to σRPAE2p . When both α- and ζ-polarization of C60 are
taken into account together, they partially cancel out
each other. As result, the resultant σRPAEαζ2p differs little
from σRPAE2p , except for being shifted by approximately
1.5 eV compared to the main confinement resonance in
σRPAE2p .
Thus, when the photoionization cross section of A@C60
is small near threshold and does not hold much of oscilla-
tor strength of the continuum spectrum near threshold,
the impact of α-polarization of C60 on the cross section
is relatively insignificant, exactly as it has been expected
on the basis of the reasoning put forward above.
Let us explore what happens to oscillator strength,
f2p→ǫ (the ǫ symbol designates the continuum spectrum),
concentrated in the continuum spectrum of Ne@C60 rep-
resented by the σ2p cross section. The needed oscillator
strength is calculated with the help of the well known
formula (see, e.g., [30]):
fnℓ→ǫ =
c
2π2
∑
ℓ′=ℓ±1
∫ ∞
I
σnℓ′(ω)dω. (14)
Here, c is the speed of light, ω is the photon energy,
and Inℓ is the ionization potential of the nℓ subshell
of the atom. Calculated data, obtained in the approx-
imations above read: fRPAE2p→ǫ ≈ 6.97, f
RPAEα
2p→ǫ ≈ 6.92
and fRPAEαζ2p→ǫ ≈ 6.95. It is evident that account for α-
polarization of C60 “sends” a part of oscillator strength
from the continuum spectrum into the discrete spectrum
of Ne@C60. The transmitted part of oscillator strength
is small, being less than 1% of fRPAE2p→ǫ of the continuum
0 2 4 6 8 10
-0.4
-0.2
0.0
0.2
W
0
W

W
00
D
ir
e
c
t 
p
a
rt
 o
f 
th
e
 H
F
 p
o
te
n
ti
a
l 
(a
.u
.)
d
 
 
D
ir
e
c
t 
p
a
rt
 o
f 
th
e
 H
F
 p
o
te
n
ti
a
l 
(a
.u
.)
Radius (a.u.)
25 30 35 40 45 50 55
2
4
6
8
10
12
14
16
Ne(2p)@C
60
RPAE

RPAE
RPAE

RPAE

 
 
 
2
p
 (
M
b
)
0 2 4 6 8 10
-0.5
-0.4
-0.3
-0.2
-0.1
0.0
W
0
W

W
00
s
Radius (a.u.)
Photon energy (eV)
 
 
  
FIG. 9. Upper panel: the σ2p photoionization cross section
of Ne@C60 calculated in various approximations (see text).
Dashed-dotted line, RPAE (without account for α- and ζ-
polarization of C60: α = 0, ζ = 0). Dashed line, RPAEα (with
account for α-polarization of C60 alone: ζ = 0). Dashed-
dotted-dotted line, RPAEζ (with account for ζ-polarization
of C60 by Ne
+, only: α = 0, ζ = 1). Solid line, RPAEαζ (with
account for both α- and ζ-polarization of Ne@C60: α = 850
a.u., ζ = 1). Lower panel: the Wαζ direct parts of the HF
potential felt by the ǫd and ǫs photoelectrons ejected upon
2p photoionization of Ne@C60: dash-dot, W00 (α = 0 and
ζ = 0); dash, Wα0 (α = 850 a.u., ζ = 0); Wαζ (α = 850 a.u.,
ζ = 1).
spectrum without account for α. This is because the
σRPAE2p cross section concentrates only a small part of os-
cillator strength within 2 eV starting from threshold.
In the two considered examples above, Xe@C60 and
Ne@C60, their cross sections were small and contained
only a small part of oscillator strength near threshold
compared to the total of oscillator strength of the con-
tinuum spectrum.
Let us turn to an opposite situation, where, in con-
trast to Xe@C60 and Ne@C60, the cross section of an
endohedral atom is relatively big near threshold, i.e., a
relatively large portion of oscillator strength of the con-
tinuum spectrum is concentrated near threshold. With
this aim, let us consider 1s photoionization of H@C60,
since its 1s photoionization cross section, σ1s, is known
to be relatively large and changing rapidly near thresh-
old [3, 15]. Let us calculate σ1s of H@C60 with and with-
out account for polarization of C60 by a photoelectron.
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FIG. 10. Calculated 1s photoionization cross section of
H@C60, obtained (a) without both account for α- and ζ-
polarization of C60 (ζ = 0, α = 0), σ1s, (b) with account
for only α-polarization of C60, σ
α
1s, and, (b) with account for
both α- and ζ-polarization of C60 (ζ = 1, α = 850 a.u.), σ
αζ
1s ,
as marked. Inset: The effective potential felt by the ǫp out-
going photoelectron with the same account for the effects of
polarization as for the cross section, as marked.
Also, let us calculate corresponding oscillator strengths,
f1s→np, of the 1s→ np discrete transitions from H@C60,
along with the total of oscillator strength of the contin-
uum spectrum, f1s→ǫp. The expectation is that the α-
polarization effect will, due to the induced “shift” of the
cross section, effectively cut off the rapidly changing tail
of the cross section near threshold and push a relatively
noticeable part of oscillator strength of the continuum
spectrum into the discrete spectrum. Calculated results
for σ1s are depicted in Fig. 10, along with the Wαζ po-
tential felt by the outgoing ǫp photoelectron.
One can clearly see from Fig. 10 that the α-
polarization-induced shift of σ1s effectively cuts off the
rapidly-changing tail of σ1s near threshold, exactly as
was suggested above. Even when interior static polar-
ization is accounted in addition to the α-polarization ef-
fect, the resultant near-threshold cross section, σαζ1s (solid
line), still differs noticeably from σ1s calculated without
account for any polarization (dash-dot). The percent-
age differences between the H@C60 photoionization cross
TABLE I. Oscillator strengths of the discrete spectrum,
f1s→nℓ, and continuum spectrum, f1s→ǫp, of H(1s)@C60 cal-
culated with and without account of polarizability, α, of C60.
f1s → np without α with α
1s→ 2p 0.146 0.205
1s→ 3p 0.289 0.427
1s→ 4p 0.124 0.027
∑
n
f1s→np 0.559 0.669
f1s→ǫp 0.352 0.257
sections calculated with and without the effects of po-
larization are stronger than in the case of Xe@C60 and
Ne@C60, exactly as was supposed to happen on the ba-
sis of the statements made above, i.e., the greater near-
threshold photoionization cross section and the faster it
changes, the greater the polarization impact on the near-
threshold cross section.
Oscillator strengths of the discrete spectrum, f1s→nℓ,
and continuum spectrum, f1s→ǫp, of H(1s)@C60 calcu-
lated with and without account of polarizability, α, of
C60 are presented in Table I.
From Table I, one can readily conclude that, due to
the α-polarization effect, the continuum spectrum loses
∆f = fα=01s→ǫp−f
α6=0
1s→ǫp ≈ 0.1 of its oscillator strength, i.e.,
about 30% of its oscillator strength, whereas the discrete
spectrum (approximated by only three discrete transi-
tions in this example) gains about the same amount of
oscillator strength, exactly as was suggested above. This
loss of oscillator strength by the continuum spectrum of
Ne@C60 causes a noticeable change to σ1s, near thresh-
old, again, as was suggested above.
How could one explain the fact that, for the discrete
spectrum, fα1s→np > f
α=0
1s→np (for n = 2 and 3) from a
different point of view? Since the polarization potential
Vα(r) is attractive and, particularly, extends into the hol-
low interior of C60, its impact on the excited states must
result in the increased probability density of these states
inside the hollow interior of C60, i.e., closer to the 1s
ground-state orbital of H@C60. This, indeed, is evident
from Fig. 11, where we plotted the calculated radial wave-
functions, P2p(r) and P3p(r), of the 2p and 3p excited
states of H@C60 along with its ground-state 1s wavefunc-
tion, P1s. Since the overlap between P1s and P2p, as well
as P1s and P3p is greater when the polarization potential
is accounted for, then, of course, fα1s→np > f
α=0
1s→np.
We now focus the attention of the reader on another
interesting fact presented in Table I. Namely, in opposi-
tion to free H, where f1s→2p > f1s→3p, it appears that
f1s→2p < f1s→3p for H@C60, regardless of whether the
polarization effect is or is not taken into account. Why?
The answer, again, can be gained from exploring Fig. 11.
One can see that P2p maximizes inside the wall of C60,
i.e., in the region of r0 < r < r0 + ∆, whereas P3p
11
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FIG. 11. Radial wavefunctions of the 2p and 3p excited states
of H@C60 calculated with and without account of static dipole
polarizability, α, of C60, as well as the 1s wavefunction, P1s,
of the ground state of H@C60, as marked. The vertical dotted
lines mark the positions of the inner (r0) and outer (r0 +∆)
surfaces of the C60 shell.
wavefunction appears to be significantly drawn into the
hollow interior region of C60, r < r0, and, as result,
maximizes much closer to the P1s ground-state function.
Correspondingly, the overlap between P3p and P1s is no-
ticeably stronger than the overlap between P2p and P1s,
and, correspondingly, f1s→3p > f1s→2p, in H@C60. The
situation here is reminiscent of, and analogous to, the
one discovered for the 4d orbital of Ca@C60 and referred
to as selective orbital compression [9].
We have shown above, on the example of H@C60, that
polarization of C60 by a photoelectron results in notice-
able changes in the photoionization cross section near
threshold if the cross section holds a relatively large por-
tion of oscillator strength and varies rapidly within of
about 2 eV starting from threshold; otherwise changes
are small. As was argued above, this is because the Vα
dipole static polarization potential of C60 is weakened by
the large value of the size of the cage [by the large value
of the b cut-off parameter in Eq. (9)]; this, in turn, weak-
ens the role of the Vα polarization potential compared to
the ionic potential of the A+ ion-remainder upon A@C60
photoionization.
Let us push the above-made statement to a yet greater
extent by considering photoionization of an endohedral
system where there is no A+ ion-remainder in the final
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FIG. 12. The σ2p photodetachment cross sections of a C
−
60(2p)
hypothetical fullerene anion calculated with and without ac-
count for static dipole polarizability, α, of C60, as marked.
state. This, naturally, brings us to the study of pho-
toionization of a fullerene anion, C−60. The expectation
is that, in such case, because of the absence of a ham-
pering us strong ionic field in the final state, the effect
of α-polarization will “bloom in full swing”, bringing re-
ally strong changes to the phodetachment cross section.
To meet the goal, let us consider a C−60 fullerene anion
in a simplified manner, as in [41], i.e., as a hypothetical
fullerene anion, C−60(nℓ), where the attached electron is
bound by the C60 cage, VC(r), Eq. (6), into a nℓ state
which we choose to be either a 2p or 3d state. Corre-
sponding calculated σ2p and σ3d photodetachment cross
sections are plotted in Figs. 12 and 13, respectively.
One can see that the role of polarization of empty
C60 by the photodetached electron on the photodetach-
ment cross section is extremely strong compared to the
role of α-polarization in A@C60 photoionization. It also
appears that the polarization effect acts differently in
the two considered fullerene anions. In the case of the
C−60(2p) anion, the effect magnifies significantly the pho-
todetachment cross section, particularly near threshold.
It also appears that, as the calculation showed, the oscil-
lator strength of the “polarized” continuum spectrum of
C−60(2p) (f
α
2p→ǫ ≈ 0.31) exceeds the oscillator strength of
the continuum spectrum of static C−60(2p) (f
α=0
2p→ǫ ≈ 0.24)
by about 30%. This 30% gain in oscillator strength of
“polarized” C−60(2p) is, apparently, drawn from its dis-
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FIG. 13. The σ3d photodetachment cross sections of a C
−
60(3d)
hypothetical fullerene anion calculated with and without ac-
count for static dipole polarizability, α, of C60, as marked.
crete spectrum. For C−60(3d), the situation is opposite.
Namely, the oscillator strength of the continuum spec-
trum of static C−60(3d) (f
α=0
3d→ǫ ≈ 1.6) exceeds consider-
ably oscillator strength of the continuum spectrum of
“polarized” C−60(3d) (f
α
3d→ǫ ≈ 0.33). The loss of oscil-
lator strength of the continuum spectrum of C−60(3d),
caused by polarization, results, apparently, in the trans-
mission of oscillator strength of corresponding continuum
spectrum into the discrete spectrum.
All in all, as was expected, due the absence of an ionic
potential in the case of C−60(nℓ) photodetachment, the
impact of polarization of the C60 cage by the outgo-
ing photoelectron on the photodetachment spectrum of
a fullerene anion turns out to be incomparably more sig-
nificant than the same effect in A@C60 photoionization.
B. Photoelectron angular asymmetry parameter,
βnℓ, and photoionization time delay, τnℓ
Let us complete the study of A@C60 photoionization
by exploring the impact of C60 polarization, both due
to α- and ζ-polarization, on the photoelectron angular-
asymmetry parameter, βnℓ, and time delay, τnℓ, in the
4d- and 2p-photoionization of Xe@C60 and Ne@C60, re-
spectively. Both βnℓ and τnℓ depend not only on the ab-
solute values of the photoionization amplitudes, |Dnℓ±1|,
but on the phases, δℓ±1, of the matrix elements as well.
Furthermore, whereas the total photoionization cross sec-
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FIG. 14. The Xe@C60 partial σ4d→f and σ4d→p photoion-
ization cross sections, β4d photoelectron angular-asymmetry
parameter, τ4d photoionization time delay and ϕ4d phase,
Eq. (4), of the 4d-photoionization amplitude, Eq. (5).
Dashed-dotted lines, GRPAE (no account for any polariza-
tion of C60). Dashed lines, GRPAEα (with account for α-
polarization, only). Solid lines, GRPAEαζ (with account for
both α- and ζ-polarization of C60). Dashed-dotted-dotted
line, frozen-core RPAE (without account for core-relaxation
of the Xe+ ion-remainder and any polarization of C60).
tions, σnℓ, are primarily governed by a nℓ→ ℓ+1 transi-
tion, the energy dependence of the βnℓ and τnℓ parame-
ters may be critically affected by a nℓ→ ℓ− 1 transition
itself. Therefore, where the latter transition is affected
by the polarization effects strongly, even though it might
remain weaker than the dominant nℓ→ ℓ+ 1 transition,
there βnℓ and τnℓ must respond strongly as well, in con-
trast to the σnℓ total photoionization cross section.
In the present work, the Xe@C60’s and Ne@C60’s
σnℓ±1, βnℓ, τnℓ and the ϕnℓ phase, Eq. (4), of the Dnℓ
photoionization matrix element, Eq. (5), were calculated
in the frameworks of the approximations, referred above
to as GRPAE, GRPAEα and GRPAEαζ in application to
Xe@C60, and RPAE, RPAEα and RPAEαζ in application
to Ne@C60. Corresponding calculated data are depicted
in Figs. 14 and 15.
One can see that the resultant polarization impact on
βnℓ and τnℓ acts in the same manner as in the total pho-
toionization cross sections: the role of the impact leads
to some change in the phase of the confinement reso-
nance oscillations due to, as it would be, the “shift” of
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FIG. 15. The Ne@C60 partial σ2p→d and σ2p→s photoion-
ization cross sections, β2p photoelectron angular-asymmetry
parameter, τ2p photoionization time delay and ϕ2p phase,
Eq. (4), of the 2p-photoionization amplitude, Eq. (5).
Dashed-dotted lines, RPAE (no account for any polariza-
tion of C60). Dashed lines, RPAEα (with account for α-
polarization, only). Solid lines, RPAEαζ (with account for
both α- and ζ-polarization of C60.
the parameters along the energy axis without a strong
alteration of their magnitudes.
There are two interesting points to note, though.
First, note, for the case of Xe@C60, how all three effects
– the effects of atomic relaxation, α-polarization and ζ-
polarization of C60 – largely cancel out each other in β4d
in the photon energy region up to about 90 eV; indeed,
the resultant calculated GRPAEαζ β4d differs only tiny
(except at the very top of the main maximum) from cal-
culated RPAE β4d, obtained without account for either
of the effects in question.
Second, note how more significantly the α-polarization
of C60 affects β2p of Ne@C60, near threshold, compared
to that of Xe@C60. Indeed, calculated near-threshold
βRPAEα2p (dashed line) has the opposite sign compare to
βRPAE2p (dashed-dotted line) (calculated without account
of any polarization of C60). This is because the α-
polarization effect in Ne@C60 alters a smaller σ2p→s par-
tial photoionization cross section not only quantitatively
but qualitatively as well, near threshold, by cutting-off a
relatively deep near-threshold minimum in σRPAE2p→s . How-
ever, the combined effect of α- and ζ-polarization par-
tially restores the near-threshold minimum in σ2p→s, to
some extent, thereby lessening the entire polarization im-
pact on β2p. As a result, the differences between β
RPAE
2p
(dashed-dotted line) and resultant β
RPAEαζ
2p become no
longer qualitative but (not dramatically) quantitative,
near threshold.
IV. CONCLUSION
In the present work, the impact of polarization of C60
by the outgoing photoelectron (the “α-polarization” im-
pact) on A@C60 photoionization has been detailed. It
has been found that, contrary to the expectation, the
role of polarizability of a highly polarizable C60 is sur-
prisingly weak in A@C60 photoionization. This is linked
to the big size of the C60 and, as a result, to the big
values of the b cut-off parameter, b ≈ 8 a.u., in the Vα
polarization potential, Eq. (9). The viability of the use
of Vα and the value of b ≈ 8 a.u. in the aims of the study
has been proven in the paper as well. As has been ar-
gued in the present paper, the big value of b makes the
polarization effect to “give up” to the ionic potential of
the A+ ion-remainder emerging upon photoionization of
A@C60, and there has been presented a plenty number of
examples supporting this statement in the main text of
the paper and Appendices. The result seems to the au-
thor of the paper truly counter-intuitive. All in all, it has
been demonstrated in the present study that the account
of α-polarization in A@C60 photoionization can be, in
principle, ignored, unless one studies near-threshold pho-
toionization of A@C60 whose photoionization cross sec-
tion holds a large, or relatively large amount of oscillator
strengths near threshold, within about 2 eV from thresh-
old; then and there the α-polarization impact matters to
a greater extent. Furthermore, it has been demonstrated
that the polarization effect results in the transmission of
a part of oscillator strength of the continuum spectrum
of A@C60 into its discrete spectrum.
In addition to the effect of polarization of C60 by
the outgoing photoelectron, we studied and detailed an-
other, less known effect - interior static polarization of
C60 by the ion-remainder A
+ emerging upon photoion-
ization of C60 [13], termed in the present paper as the
“ζ-polarization” effect. It has been shown that the ζ-
polarization effect is about of the same strength as the
α-polarization effect but it counter-acts the former; this
makes the entire resultant polarization impact on A@C60
photoionization yet weaker compared to the competing
ionic field of the A+-ion-remainder. We come to under-
standing that accounting for only the α-polarization ef-
fect or only ζ-polarization effect in A@C60 would be erro-
neous; two effects must be accounted altogether, or both
ignored, when studying photoionization of A@C60.
Lastly, correlation-related atomic-core relaxation of
the Xe+ ion-remainder upon Xe@C60 photoionization
and its impact of the photoionization process have been
investigated in the present paper as well. This was neces-
sary to do in view of the fact that correlation in A@C60
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can work oppositely the way correlation works in free
atoms [9]. Anyway, it could not be stated with certainty a
priory how atomic-core relaxation of Xe+ in Xe@C60 will
affect Xe@C60 photoionization compared to the atomic-
core relaxation effect in photoionization of free Xe. It has
been demonstrated in the present paper that the core-
relaxation effect is as important, and cannot be ignored,
in the calculation of the Xe@C60 4d photoionization cross
section as in the calculation of that of free Xe. On the
other hand, however, it has been found, see Fig. 14, that
the impact of correlation-related core-relaxation of Xe+
on the β4d photoelectron angular-asymmetry parameter
of Xe@C60 is practically cancelled out by the cumulative
impact of α- and ζ-polarization of the C60 cage in a pho-
ton energy region to about 85 eV away from threshold.
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Appendix A: Electron scattering off C60 versus the b
parameter in the polarization potential, Eq. (9)
Herein, we investigate the dependence of electron scat-
tering off C60 and photoionization of A@C60 on the b
parameter in the Vα polarization potential, Eq. (9), and
conclude that the choice of b ≈ 8 a.u. is well acceptable.
In Fig. 16, we depict calculated data for the dσ
dΩ elastic
electron differential cross section off C60 for scattering
angles θ = 30 and θ = 70o, obtained on the basis of
Eqs. (8) and (9), versus the b parameter in Eq. (9). We
see that whereas the choice of b = 7, 8 and 9 leads to
about the same reasonable agreement with experiment,
the decreased values of b = 5 and 4 break the agreement
with experiment. We choose b = 8 as a reasonable value
of b to be used in the calculation of elastic electron scat-
tering off C60.
Appendix B: Photoionization of Xe@C60 versus the b
parameter in the polarization potential, Eq. (9)
In Fig. 17, we depict calculated GRPAE σ4d of Xe@C60
with account for the effect of α-polarization of C60 (i.e.,
the effect of polarization of C60 by the outgoing photo-
electron), obtained on the basis of Eqs. (8) and (9) with
varied b.
We see that whereas the choice of b = 8 and 9 leads to
about the same reasonable agreement with experiment,
decreasing values of b below 8 results in the calculated
cross section being “pushed” further away from experi-
ment, and the choice of a yet smaller b, b = 5, leads to
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FIG. 16. Calculated dσ
dΩ
elastic electron differential cross sec-
tion off C60 for scattering angles θ = 30 and θ = 70
o, obtained
on the basis of Eqs. (8) and (9), versus the b parameter in
Eq. (9). Parameters of the UC square-well potential, Eq. (6):
r0 = 5.8, ∆ = 1.9 and U0 = 0.302 a.u.
σ4d that has nothing in common with experiment. So,
we choose b = 8, as a reasonable value of b to be used in
the calculations of A@C60 photoionization with account
for the effect of α-polarization of C60.
Appendix C: Replacement of the polarization
potential, Vα, by a constant attractive potential
inside the hollow interior of C60: Close similarity
It is interesting to note that the effect of polarization
of C60 by the outgoing photoelectron, accounted for by
the Vα polarization potential, Eqs.(8) and (9), can be
modelled, to a good approximation, via the replacement
of Vα, in Eqs.(8) and (9), by a constant attractive poten-
tial, V00, inside the hollow interior of C60, Vα → V00:
V00(r) =
{
V00 = constant < 0, if 0 ≤ r ≤ r0
0 otherwise.
(C1)
To illustrate this point, our calculated data for the σ1s
photoionization cross section of H@C60, obtained with
the use of Vα and, independently, with the use of V00 =
−0.075 a.u. in the calculation, are depicted in Fig. 18.
The observed closed similarity between the results of
these two calculations of σ1s of H@C60 underlines that
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GRPAEαζ
4d cross section
of Xe@C60, obtained with account for α-polarization (with
varied b: b = 9, 8, and 7) in addition to ζ-polarization of C60
(ζ = 1). Open circles: experiment [27].
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fact that, due to the big value of the b cut-off parameter
for C60, the impact of polarization of C60 by the outgoing
photoelectron (the α-polarization effect) on A@C60 pho-
toionization depends primarily on the inner part of the
polarization potential; were the b parameter small, the
situation would have been different. Again, this is illus-
tration of the Vα polarization potential, Eq. (9), “losing”
to the competing ionic potential of the A+ ion-remainder
in the A@C60 photoionization process.
The differences between calculated data for e + C60
elastic scattering, obtained with the utilization of the
Vα polarization potential in the calculation, on the one
hand, and V00 constant potential, on the other hand, are
underlined in Fig. 19, where we plotted correspondingly
calculated total, σtot, and differential,
dσ
dΩ , cross sections.
One can see from Fig. 19 that the replacement Vα →
V00 does change the total scattering cross section no-
ticeably more significantly than it changes the H@C60
photoionization cross section, Fig. 18, where there is a
competing (to both Vα or V00) ionic potential of the ion-
remainder in the latter.
The replacement, though, does not seem to have
changed the dσ
dΩ cross sections a lot; this looks to the
author as a curious fact in itself.
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